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On the Invariants of a Homogeneous Quadratic Differ- 
ential Equation of the Second Order. 



By D. R. Curtiss. 



The subject of invariants of linear differential equations under the trans- 
formation 

£ = n(x), y = Jl (*)»?, (1) 

where ^ (x) and %{x) are arbitrary functions of x, has been discussed by many 
writers. A brief summary of this work may be found in a paper by Dr. Bouton 
on the invariants of the general linear differential equation.* These considera- 
tions have been extended to systems of linear differential equations by Dr. Wil- 
czynski.f at whose suggestion the work of this paper was undertaken. But 
although Staeckel has shownj that (1) is the most general point transformation 
which converts a homogeneous differential equation of any degree and of order 
greater than one into another of the same degree and order, equations of degree 
higher than unity have so far received very little notice. 
In this paper I propose to treat the equation 

where p lt p 9 , p B , p if q s are functions of x, and determine those functions of the 
coefficients and of their derivatives which are the same for (2) and for any equa- 
tion obtained from (2) by any transformation of form (l). A few applications 
will also receive brief notice. 

Appell has published a paper§ in which he finds some of the invariants 

* American Journal of Mathematics, Vol. XXI, No. 2, 1899. 
t Transactions of the American Mathematical Society, Vol. II, No. 1. 
t Crelle's Journal, Vol. CXI. 
? Journal de Mathematique, 4th Series, Vol. V. 
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of this equation, but he investigates only so much of the subject as is useful in 
certain applications which form the bulk of his paper. His work will be referred 
to later on. 

The transformations (1) evidently form an infinite continuous group which 
may be defined by differential equations. We may therefore use Lie's theory of 
such groups, and this method of treatment constitutes the main advance of this 
paper over Appell's on the same subject. 



A. — Seminvariants. 

Let us first transform the dependent variable alone. Functions of the coeffi- 
cients and of their derivatives which remain invariant under this transformation 
we shall call seminvariants. 

Denoting derivatives by accents, we have 

y =%(x)*i, \ 

y> = ^(x)y 1 ' + ^(x)y !> V (3) 

y" = a (as) n" + 23/ (x) n' + 3" (x) y> . J 

As Appell remarks, y, y', y" are expressed linearly in terms of yi, »/, yi", so 
that the invariants of the ternary quadratic form corresponding to (2) will be 
included among the seminvariants of (2), and will, in fact, be relative invariants 
under the general transformation, since this again transforms y , y', y" linearly in 
terms of yi , y} , yi". 

Substituting (3) in (2), we obtain the equation 

V' 2 + 47t 2 r/'* + 7t 4 yi % + 47l 3 yf y\ -f 2p 2 y\" yi + 4^ yi" vf = , 
in which the coefficients have the values 






3/ 3," . 






}" (4) 
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The infinitesimal transformations of the group (3) are obtained by putting 

Hx) = i + *(x)te,\ (5) 

X = $r8t, etc. J 

$ (x) being an arbitrary function of x alone, and St an infinitesimal. 

By inserting in (4) the special values (5) for X, 7J, etc., we find the infini- 
tesimal transformations of the coefficients to be 



Sp! = $' St, Sp % — 2pi fy'St, 

h% = W + z Pl <p'-\u, 

hh = [Pi <?>" + (2i> 2 + g z ) <?>'] St, 



(6) 



To obtain Sp[, Sp' z , etc., Sp{', Sp% etc., we need only take derivatives, of the corre- 
sponding order, of Sp lt Sp 2 , etc., since the independent variable is left un trans- 
formed by the group (3). 

We have then, finally, the extended transformation 

If F(-pi,p» ft, p{, pi ft\ ■ ■ ■ • , p ( {\ vt\ $> ) 

is a seminvariant, it must be a solution of X (/) = 0, and conversely, any solu- 
tion of this equation is a seminvariant. "We shall first look for the rational inte- 
gral seminvariants ; we shall find that all others can be expressed in terms of 
these. 

Let us assign to y, y 1 , y" the weights 0, 1, 2 respectively. Then, in order 
that (2) may have all of its terms of the same weight, namely 4, we must assign 
to p K the weight x, and to q 2 the weight 2. Further, let the weight of pf 1 be 
i + v, and let that of §f> be 2 + (i, and let the weight of a product be equal to 
the sum of the weights of its factors. We say that an expression is isobaric of 
weight % if all of its terms are of weight X . 

It is evident that there is no integral rational seminvariant of weight 1. 

Seminvariants involving expressions of weight no greater than 2 must satisfy 
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the equation 

Since <£> is arbitrary, this breaks up into the two equations 

These are independent and form a complete system ; hence we have two inde- 
pendent solutions, and these are easily found to be 

Pz = P2~Pl (8) 

Q* = qt-Pi—A- ( 9 ) 

Let P 3 be a seminvariant of weight 3. The most general expression isobaric 
of weight 3, written with undetermined constant coefficients, is 

^s = ap 3 + t>PzPi + cqzPi + dp\ + ep'z + f& + gp[p l + hp'{. 

Hence, if this is a seminvariant, we must have 

°£? = a Pl <p" + a (2p 2 + q t ) <}>> + Jp, q! + 2bp\ $ + cq s tf + c Pl ($" + 2p, $') 

4- 3dp\ 4>' + 2e Pl $" + 2ep{ $> +fpf» + 2/ Pl $" + 2/p{ 4/ 

From this condition follows the system of equations 

f+h = 0, a + c+2e-f 2/+# = 0, 2a + b = 0, 

a + c=0, 2b + 2c + 3d = 0, 2e+2/+# = 0. 

Of these only five are independent, so that we have three independent seminva- 
riants of weight 3, one being 

Ps ~Pz — ^PiPi — qtPi + 2rf- (10) 

The others turn out to be P' % and Q' % . In fact, since the independent variable is 
untransformed, any derivative of a seminvariant will itself be a seminvariant. 
P 4 must be a solution of the four equations 
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J/ + ap, J£ + 2jt2£ + 2 P »V + 2 Jt + 2p/|£ 
9pi 3^2 3i>3 ¥ 3 & d( lz 

Wi Pl M ll M' + % + Pl H Pl dqi 1 + Pl dp. 



(11) 



Without going through the details of solving this set, we may notice that it 
is a complete system of four independent equations containing thirteen argu- 
ments ; the nine independent solutions are P 2 , P' % , P!J, Q 2 , Q' % , Qjf, P 3 , P' z and 

P t =Pi- *PsPi + *Ptfi + ^%P\ - *P\ - 2^ +K + 2^?. (1 2) 

Turning now to the general case, and considering the case of irrational as 
well as of rational seminvariants, it is evident that any function of seminvariants 
alone is itself a seminvariant. The question now arises: Can we obtain a com- 
plete system of seminvariants, i. e., a set such that all other seminvariants are 
functionally dependent upon it ? We can answer this in the affirmative ; in fact, 
P 2 , Q 2 , P 3 , P 4 and their successive derivatives constitute such a set. For the 
fundamental differential equation, taken to terms of weight v, will contain the 
first v derivatives of <p; we shall have then a complete system of v equations in 
the 5v — 7 arguments 



Pi.p'u ■■■■,p'r l \ 

Pz, 2h, • • • • i Pz ") 

^2 > <± -i > • • • ■ > l l% i 
Pz,Pz, •••• , pi""^, 

P^P'i ,Pt~*- 



(13) 



That these v equations are all independent, follows at once from the fact, 
illustrated by (11), for the case v = A, that each contains one and only one 

term of the form ^ (r) , r being different for each equation. Accordingly, there 
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are 4v — 7 seminvariants, and no more, functionally independent, involving the 
arguments (13) only. Such a set is formed by the quantities 

P T3l P<v - 

r li r !i •••• i r > 

-2) 

(14) 



Vzi 


*K2> • • 


n(v - 2) 


P» 


P' 


D(» - 3) 

• • ) ■* 3 


P*, 


P< 


P(v-i) 



for they involve only the arguments (13), are 4v — 7 in number, and are all 
independent. The truth of this last statement may be shown thus : The members 
of any row of (14) are evidently independent of each other ; the second row has 
in each member a term of the form gip not to be found in the first row ; the third 
row has in each member a term of the form p*^ no * to be found in the two pre- 
ceding rows ; the last row, a term of the form p^ not to be found in any preced- 
ing row. 

We have thus demonstrated 

Theorem I. — All seminvariants, rational or otherwise, of equation (2) are 
functionally dependent on P z , Q % , P 3 , P 4 and their successive derivatives. 

B. — Invariants. 

It is evident that invariants can be functions only of the seminvariants. If 
we apply to (2) the transformation £ = /i(x), we need only examine how this 
affects the seminvariants, obtaining in terms of them the differential equation an 
invariant must satisfy. It should be noted that the derivative of an invariant is 
not, for this general transformation, an invariant, since the independent variable 
is now also transformed. 

We have £ = (i (x), 

dx ~ dl * ' 



^y. — ^y (,a z 4- d y ,.» 

dx* ~d?W) ^ d % t* . 

Equation (2) now becomes 

(t)Wf)W + ^f + ^ + <*,f.f = o, 



(15) 
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where the new coefficients are 

ft ft ft ft ft 

5 — 2» i-i, f"x ft jr — Pi 
?Z — -jr> ^3— i ft -ft- -I" ~jr , n i —~ jr . 

ft ft ft ft 

The infinitesimal transformations are obtained by putting 

£ = a; — v(x)St, (16) 

v (a;) being an arbitrary function of x, and St, an infinitesimal. We have writ- 
ten — v (x) rather than + v (x) so as to harmonize with the infinitesimal trans- 
formations of the dependent variable y. If we denote by Sx and Sy the infini- 
tesimal transformations of x and y respectively, taken both times in the sense — 
new value of x or y minus the old value — we have, in our notation, 

Sx = — v(x)St, Sy = — ^) (x) St . 

From (16) follows 

ft' = 1 — v> St, ) 

ft"=—v"St. \ (17) 

This leads immediately to the following expressions for the infinitesimal changes 
in the coefficients : 

S Pl = (v> 2 h - h v") St , Sp 2 = { 2v' Pi - Pl v") St , 

Sq 2 = 2v'q. z St , S Ps = (3v' Ps — \q % v") St , S Pi - 4v' Pi St. (1 7') 

To obtain the variation of a derivative of a function whose variation is 
known, we make use of the formula 



In the present case, since Sx = — vSt , this equation becomes 

A 
dx 



w=£m + v>fst. (is) 



In particular, we have 

S P { - (2v' P i + v" Pl — i v">) St . 
The variations of the seminvariants can now be obtained. They are given 
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by the equations 

hP, = 2v< P % 8t , hQ % = (2v' Q z +\ v">) 8t, >v 

8P B = (WP 8 + v"P 9 )&t, I (19) 

8P 4 = {4v> P 4 + 2v" P 3 + V" Q t ) ot, J 

while hPz, SPi', SQ!^ etc., are readily calculated from (19) and (18). 

Having thiis applied the general infinitesimal transformation of the group 
to the seminvariants, we may at once write down the equation characteristic of 
an absolute invariant : 

%(.m iP <+m ipl > + ■■■) + Mj Q ' + m SQi+ - • =0 - (20) 

It is easy to verify the fact that for our present equation the following state- 
ments, quoted almost verbatim from the paper of Dr. Wilczynski, already 
referred to, hold true equally as well as for linear equations : 

1. Every absolute invariant is isobaric in the coefficients (and therefore in 
the seminvariants (14)) and of weight zero. 

2. An absolute invariant, rational in the seminvariants (14), must be the 
quotient of two relative invariants of the same weight. 

3. A relative invariant is isobaric in the seminvariants (14), and if the com- 
mon weight of all its terms is w;, it satisfies the equation 

M£) = (p')- w M*). (2i) 

or, for infinitesimal transformations, 

he w = wQ w v'k. (22) 

For proofs which need scarcely any alteration, Dr. Bouton's paper on the 
linear equation may be referred to. 

The first equation of (19) shows that P z is a relative invariant. Therefore, 

2 = P 2 . (23) 

Clearly 6 3 must have the form aP' % + bQ z + cP 3 . Accordingly, 

S6 3 = \a(WP' t + 2v"P 2 ) + b (Zv'Q' z + 2v" Q % + i *< 4) ) + c (3i/P 3 + v"P z ) \ St 
— Sv'6 3 8t, 

from which follows 6=0, c + 2a = , 

so that we have 6 3 — P 3 — k P'%. (24) 
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The equation for an absolute invariant involving the seminvariants (14) 
up to weight 4, breaks up into the following system: 

\n — u » ;}/-)/ — "i 



1 d f 4- 10 d f 4- *P d f 4- P d f 4- O d f — O 
on 9 / 4- 9P 9 / 4- P d f 4. e>p> d f _l isn/ 3/ 

2ft 3gj + 2P, 3?j; + Fz dP 3 + bFi dP$ + 5Q *d&i 



+ {*P. + PS>£ + *P>£ = 0, 



y (25) 



ap '^ i +2 ft^ +8 «^ +8 «^+ 8/, -^ i 



+ 4 ^ 8P 2 " + 4% 3^ + 4 ^ 3 3P] + AFi dP, ~ 



These are all independent, hence there are 9 — 5 = 4 functionally independent 
solutions ; i. e., four absolute invariants, or five independent relative invariants. 
These five relative invariants are solutions of the first four equations, their left- 
hand members having been multiplied into v 9 \ v w , v {3 \ v" respectively in (20) 
(see (22)). 

One of these solutions should be the discriminant of the ternary quadratic 
form corresponding to (2) ; this is 

6 = pf-P 3 (P 4 - QD- (26) 

Two others we already know, 3 and 3 . Without going through with the 
process of solving the equations, we know a priori another, given by Forsyth's 
Jacobian process :* 

§ e = 30J0, — 20{0 g . (27) 

For the fifth, we may take 

6 e = Pi + AP\ Qz - 2P 2 P> 3 + 2P^ P 3 . (28) 

These are all independent, as may easily be verified. 

Before leaving this part of the subject, let us note an invariant 4 which we 
shall refer to later on. This is connected with the invariants already obtained 

* Phil. Trans., I, 1888, pp. 407-418. 
48 
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by the relation 

2 4 — 126J — 30 6 + 150 6 — 20 6 = O. 

Its value in terms of the seminvariants is 

6 4 = 15 (P 4 — Qf) - lOPi + 2P» + 1 2P 2 ft. (29) 

Let us now attempt to find a complete system of independent relative inva- 
riants containing seminvariants (14) up to weight a (c > 2). These will be the 
solutions of the system of equations which (20), taken to terms of weight a, 
breaks up into (excluding that one whose left-hand member is multiplied by 
v' in (20)). (19) shows us that these equations are a in number. They are 
linearly independent ; for a consideration of (18) and (19) shows that two of 
them are 

¥ -o 3/ -Q. 

while if we write down the other equations obtained by equating to zero the 
coefficients of v", v i3 \ .... , in (20) in this order, each contains a term of the form 

x p P 2 p) 3 p( /_ 3) (x P a constant) which does not occur in any of the preceding equa- 
tions. Hence, since the arguments are 4c — 7 in number, there are 3c — 7 
functionally independent solutions. 
We may now state 

Theorem II. — The number of independent relative invariants of (2) containing 
seminvariants (14) of weight a or less is 3cr — 7 . (a > 2) . 

It can now be shown that Forsyth's Jacobian process yields, when applied 
to the invariants already in our possession, a complete system. Let us write 

g = 30g 3 — 203 2 , 

9 = 603 6 — 20j 2 , 

9 = 60 2 6 -26j0 2 , 

9 = 60 2 6 — 20g 2 , 



63* - e = (3A — 9) 2 v SK _ fl — 2$ 3K _ 9 2 , 
3 *_ 6 = (3/1 — 9)0 2 3 ^_ 9 — 263 A _ 9 2 , 
3A _ e = (351 — 9) 2 3A _ 9 — 20| A _ 9 2 . 



(30) 



Differential Equation of the Second Order 375 

The invariants 2 , 3 , 3A _ 6) w _e> 3 a_«, (A. = 4, 5, 6 , , a) are 3<r —7 in 

number, and they are functionally independent, for, taken in this order, each 
contains at least one seminvariant not to be found in the preceding ; these are 
successively, P, , P' t , P 4 , P», P», P' it P»', ... , P 3 °~ s \ Pr*\ P\'~*. Finally, 
this set involves seminvariants of weight a, and of no higher weight; for, by 
their law of formation, 3 a_6; 03A-e> 03A-6 contain seminvariants of weight higher 
by unity than any entering into 3 a_ 9 , 3 a-o> 03a-»> and of no higher weight; 2 
contains a seminvariant of weight 2, 3 one of weight 3, while the highest weight 
of any seminvariant in 6 , 6 , 6 is 4 ; a simple induction completes the proof. 

We have now established 

Theorem III. — 2 , 3 , 3A _ 6 > 03a-6> 03a-6> (A = 4, 5, .... , a) form a complete 
system of relative invariants containing seminvariants (14) of weight a or less (cr^>2) ; 
all other such relative invariants are functionally dependent upon these. 

Hence, all absolute invariants, rational or irrational, containing these semin- 
variants, depend functionally upon the 3<r — 6 independent rational absolute 
invariants formed from the above system of relative invariants. 

Note that another system might have been obtained by substituting 3 for 
2 in (30). 

In passing we may notice another important class of invariant expressions. 
We have d% = ft' (x) dx. Accordingly (see (21)), denoting by 6 W (£) , as in (21), 
the invariant corresponding to M formed for the transformed equation, 

g^jg) m _ £^0iLti&l u > dx - e s±M dx 
If k ii'-o r (x) /xdx ~ TW 

There exists, therefore, a class of integral invariants of the form 

R -=fHw d,! - m 

0. — Semicanonical Form. 

We may choose % so as to make the coefficient n x in the transformed differ- 
ential equation vanish. Equations (4) show that this may be accomplished by 
putting 

A' 
T- = -*» 

or Z,= Ce~ /pid *- 
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As the expressions for the seminvariants show, and as may be verified by 
substituting the above value for a, into equations (4), the transformed equation 
dp coin ps 

„»■ + 4 P 2 >/ 2 + Prf + 4P aW ' + 2Q,rm" = 0. (32) 

Its coefficients are seminvariants. This form of the differential equation, which 
is characterized by the condition p 1 = 0, will be called the semicanonical form. 
The transformation leadiug to it requires only a quadrature. 

D. — Canonical Form. 

The general transformation (1) contains two arbitrary functions, 2, and (i, 
so that we should be able to obtain a transformed equation lacking any two 
terms, except of course the first. But, in general, the equations determining the 
values of X and ^ for such a transformation are not solvable by quadrature alone. 
We can, however, by mere quadratures, determine a, and [i so as to make the 
coefficients of yy', y'y' 1 disappear in the transformed equation ; i. e., we can 
reduce (2) to the form, 

(S)'+ 4/ (S) + JY " + iKY Sr< = "• < 33 > 

which we shall call the canonical form. 

Let the transformation reducing (2) to this form be 

y=A(x)Y,) (34) 

X=M.{x). ) 

Instead of actually carrying out such a transformation, we may determine 
/, J and K by means of the invariants of (2). 
We find that for equation (33), 

s\ j- s\ i Ct/J. _ -I C&Jl Cv%C 

e 6 = iPK, e t = —i(j—K t ). 

Therefore, making use of (21), we have 



(34') 



7_02 

X - J/7" 


2M' M" ' 




A.PK— A. 

M' 6 ' 


— I(J—K*) = 


06 
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From these equations we can easily calculate I, J, K, their values being 

T— A. r — ^6 — 1 Q QP« 7T— _A_ (^\ 

M' 1 ' 160| if' 4 ' 40| if''* ^ ; 

In addition, we obtain from (34') 

/ X f X *3 dT 

6W° * dx+ C 3 , 

C 2 and C 3 being arbitrary constants. 

If we apply (34) to (2), the coefficient of Y'Y" in the transformed equation 

will be 

i M" , 1 / A' , \ 

Since this must vanish, we have the following determination for A (x) : 

A(x) = G l 6^e-^( lh+i t) dx (37) 

We have, in the preceding work, taken it for granted that a transformation 
exists which will reduce to form (33) equation (2). We may, however, by 
actual substitution, readily verify the fact that (34), as determined by (36) and 
(37), really does reduce (2) to the desired form. 

We should note one exceptional case where the canonical form fails, namely, 
where Q z = . An extended discussion of this case will not be attempted in this 
paper. We may here reduce (2) to a form containing only three terms, but the 
transformation can no longer be obtained, in general, by mere quadratures. In 
fact, it may be readily verified that if £ is any solution of the equation 

the transformation 

| y = e Jc £Y, 
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where h is any constant, reduces (2) to the form 

Kdlp) + "P Y dx + i5/F Y ~ °- (38) 

At this point we may compare Appell's results. (33) is substantially his 
canonical form, but throughout he uses only indefinite integrals, neglecting the 

constants in (36) and ('47) ; /, J, K and / M' dx are then absolute invariants, 

and these, with the derivatives of /, /, K, with regard to X, form a complete 
system. To show how this system may be connected with the one we have 
assigned, the following equations may serve as examples : 



4K 6 e K* — J 
I 61 ' P 


61' 


\dXJ 6\ 
4P ~ 61 ' 





Our system has the advantage of giving us explicitly rational integral rela- 
tive invariants, and also takes into account the constants of (36) and (37), thus 
giving the most general transformation reducing (2) to the canonical form. To 
find the most general transformation leaving (33) invariant, we need only sub- 
stitute M P I for 2 and — \ M"F for d 3 in (36) and (37). The result is 

y=C 1 Y, X-O.x+C,, (39) 

The most general infinitesimal transformation leaving the semicanonical 
form invariant is easily deduced. The total infinitesimal change in a coefficient 
for transformations (5) and (16) together is evidently the sum of the changes due 
to the transformation of each variable separately. We wish, then, to obtain all 
those transformations which make hpi vanish if p x is zero. From (6) and (17') 
we find 

Sp 1 = (^ , + v' Pl -iv")St. 

Hence for any infinitesimal transformation leaving the semicanonical form 

unchanged, 

$' — J v" = ; i. e., $ = \ v' + c (c an arbitrary constant). 
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This gives the infinite subgroup, whose infinitesimal transformations are 

hy=.— $ (x)yot= — (hv'(x)+c)yot ,\ (4Q , 

Sx = — v (x) St . J 

The corresponding finite transformations are 

y = h[ii-*yi (h an arbitrary constant), ) , . 1 v 

*=**(«). \ ( } 

The equations for the most general subgroup leaving the canonical form 
invariant are 

<pl — lv" = 0, (2ft + g 8 )^-iff.V' = 0, 
giving $ = &i, v = h % x + h z . 

The infinitesimal transformations sought for are therefore 

Sy=—hyU, "I , v 

«» = — (Avr + ^&J V ^ 

and, of course, (39) gives the corresponding finite transformations. We should 
note that under the subgroup (39) the derivative of a relative invariant is itself 
invariant. For, by (18) and (22), 

w ' = Tx W')+ vf K& t = \< fv " 9 >+ (o + WAte. 

But, since for all infinitesimal transformations of the subgroup v" = 0, 

i. e., %'„ is an invariant of the subgroup. Clearly any transformation (2) agreeing 
with (39) in its change of independent variable has the same property. 

E. — Remarks and Applications. 

If $ 2 vanishes identically, the complete system of Theorem III apparently 
reduces to 3 alone, while if both a and 6 S vanish, every member of the system 
become equal to zero. The vanishing of 3 and 6 3 means no more or less than 
the vanishing of P 3 and P 3 ; hence we might go back to the differential equation 
(20), omitting terms in P 2 , P 3 and their derivatives, and from its solutions build 
up a new complete system. Nevertheless, the system of Theorem III, though 
all its members vanish, is still complete ; all relative invariants may be obtained 
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as the limits of combinations of its members ; an illustration is afforded by 4 
which equals 15 (P 4 — Q\) when 2 = 6 3 = 0. 

For some purposes a form of (2), in which (y") z has a coefficient p different 
from unity, may be advantageous ; it will be general enough to take p as a con- 
stant. In this case p is absolutely invariant. Seminvariants and relative inva- 
riants are readily obtained from those given in this paper by writing — , — , 

Po Po 

etc., for p lt p 3 , etc., and multiplying the resulting forms by a power of p suffi- 
cient to clear of fractions. Isobaric seminvariants and invariants are then homo- 
geneous in the coefficients. From these results we could easily construct the 
invariants of a form of (2) lacking the term in (y")*. 

In conclusion, a few applications are here given, the discussion in each case 
being as brief as is consistent with clearness. 

1. Two equations of form (2) are equivalent under a transformation (3) of 
the dependent variable alone, when all the seminvariants of the one are the same 
functions of the independent variable as are those of the other. This condition 
is necessary, as is clear from the definition of a seminvariant, and it is also suffi- 
cient, since the semicanonical forms of the two equations are then identical. 

2. Two equations of form (2) for which $. z =£ are equivalent under a trans- 
formation of the group (1) if a transformation £ = p, (x) exists which, when 
applied to the absolute invariants entering into the canonical form of one equa- 
tion, gives the corresponding invariants of the other equation. 

First, this is necessary ; for, suppose a transformation £ = fZ(z), y =.%{x)n 
changes an equation (A) in terms of x and y into an equation (B) in terms of £ 
and n. The absolute invariants of (B) are in terms of £, and, from the nature 
of an invariant, must all be identical with the corresponding invariants of (A) if 
p, (x) be substituted for £. 

This condition is also sufficient ; for transform (A) into an equation (C) in 
£ and y by means of the substitution £ = ji (x). The invariants of (C) are now 
identical with those of (B) ; and we may easily show that (C) and (B) are equiv- 
alent under a transformation y=-'%{x)vi= X (£) yj of the dependent variable alone. 

To prove this, reduce both to the canonical form. Now ~~ d% and Q\d% are 

both absolute invariants ; this may be shown as in the work preceding (31) ; hence, 
choosing (7 2 , G s , and c the same for each (see (36)), M is identically the same 



Differential Equation of the Second Order. 381 

for (C) as for (B). /, J, K are the products of absolute invariants and expres- 
sions of the form 



C 2 e JC *» 



r being either 2 or 4, and are therefore also the same for (C) and (B). Thus 
(C) and (B) are reduced to identically the same equation by transforma- 
tions which agree so far as the independent variable is concerned ; they are 
equivalent under a transformation of the dependent variable alone ; (A) is trans- 
formed into (B) by the substitution of variables £ = p. (a;), y = % (x) y; . 

To apply this test to two equations in x and £ , we should equate the abso- 
lute invariants entering into the canonical form of each ; if these relations all 
give the same solution for £ in terms of a;, the two equations are equivalent. In 
particular, if one has constant coefficients, the absolute invariants of the other 
must reduce to constants. 

Note that the preceding work shows that if the absolute invariants entering 
into the canonical form of the one are carried into the corresponding invariants 
of the other by the transformation £ = fi(x), the equations are equivalent, and, 
therefore, this same transformation carries all the absolute invariants of the one 
into those of the other. Thus the invariants of an equation (2) are completely 
determined by those which enter into the canonical form. 

Remembering that one invariant entering into the canonical form is ~ dx, 

it will at once be seen that the equivalence condition may be given in the fol- 
lowing form : 

the invariants on the left-hand side of each equation being formed for the equa- 
tion in £, those on the right for the equation in x. 

We have assumed here that 6 2 =f= 0, i. e., that a canonical form is possible ; 
we shall not in this paper attempt the discussion of the case S z = . 

3. If 6 vanishes identically, (2) breaks up into two linear equations of the 
second order. 
49 
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4. If 6 Z = 6 3 = 4 = 0, (2) is the square of a linear equation of the second 
order ; (2) then has no invariants. For if $ z = 3 = 4 = 0, 

P a = P 3 = 0, 

the form (38) reduces to 

(Y»f = 0. 

Form (38) also gives us a binomial form 

\dXV T 15iT 4 ' 

to which (2) is reducible in case 6 2 = 6 3 = 0. 

5. Appell, in the article already referred to, has developed the condition 
that (2) should have for its general solution 

y = h*Ui + hku 9 + T£u 3 , 

h and & being arbitrary constants, and u lt u z , u 3 linearly independent solutions. 
The conditions he develops are K— G , J= O 2 + 401, O being a constant. One 
of these conditions may be replaced by the relation 6 t + 6 = 0. 
University of California, Berkeley. 



